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ABSTRACT 
A counterexample is given for the conjecture that the numerical radius of the 
n + lth power of an operator is less than or equal to the numerical radius of the nth 
power of the same operator if the operator is a contraction. © 1997 Elsevier Science 
Inc. 
We consider the following problem due to John Holbrook: I f  S is an 
operator on a complex Hilbert space with operator norm IISII less than or 
equal to 1, is it true that, for every positive integer n, w(S "+ 1) < w(S")? It 
follows from the power inequality w(S") <<. (w(S))" that w(S z) <~ [w(S)] z 
<~ w(S), since w(S) <~ IlSll < 1. Thus we need only consider w(S "+1) 
w(S") for n >/2. This is a particular case of another problem, that of trying 
to find the smallest constant C for which w(ST) <~ CIISIIw(T) holds for all 
commuting operators T and S (in our case T = S~). V. Miiller (1988) found 
an example of commuting T and S for which C > 1. K. Davidson and John 
Holbrook (1988) constructed a simpler example with smaller dimension and 
with bigger lower bound for C. We will use their construction to find a 
counterexample to w(S 4) ~< w(S a) with IISII = 1. 
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The example of K. Davidson and J. Holbrook is the following: Let S be 
the shift on the Hilbert space of dimension 9. I f  T = S 3 + S 7, then w(TS)  = 
1, w(T)  = cos(Tr/10) and IISII = i. Note that T is a polynomial in S. We will 
1 5 modify this example to obtain our counterexample. Let S = S + ~S . Then 
~4 = S 4 + S s = TS, where T is as above, and if3 = S 3 + ¼S 7 = T, since 
higher powers of S are zeros. Then 1 = w(S 2) > w(S 3) = 0.8778, and if 
A = S / l lS I I  then w(A 4) > w(A 3) still holds. This example of A with T = A 3 
is also an example of w(TA)  <~ Cw(T)II All when C > 1.0056. 
In order to verify these inequalities we have to compute Ilsll and.w(s3). 
But IlSll equals the square root of the maximum eigenvalue of SS*. We 
compute 
- -  ~ - -  - -  - -  61281 )~6 det(gS* hE)  -A9 + ~ As ~ A7 + 1--~-,- 
4924545 ~5 ÷ 61281 ~4 3779 ,~3 33 2 
~36 qi~-,- - q-~--,, +-T  A - -A 
A 
65536 
- - (16A 2 - 33A + 16) 4 . 
33 The maximum eigenvalue is ~ + 1~- .  Hence 
ligll = V/~ ÷ ~6V~ = 1(1 ÷ v~)  = 1.132782219. 
Since the entries of ~3 are positive, the numerical radius is achieved at a 
vector with positive entries. Therefore w(S 3) is the maximum eigenvalue of 
[g3 + (g3),] /2.  [Proof: Let M = g3. Then w(M)  = (Mx o, x o) = 
(x o, M*x o) = (M*x  o, Xo), for a real vector x 0. Hence 
M+M* ) 
w(  M ) = 2 x°' x° " 
The vector x 0 maximizes (Mx, x)  under the condition (x, x) = 1. Then by 
the method of Lagrange multipliers V(Mx, x) = (M + M*)x  = AV(x, x) = 
2AEx. Hence A is an eigenvalue of (M + M*) /2  and x 0 is an eigenvector. 
Therefore 
M+M* ) 
w(M)  = 2 x°' x° -- ~(x° '  x°) = ~ 
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and A must be the maximum eigenvalue of (M + M*)/Z]. Again we com- 
pute 
d t s3 + (s3)* 
e -AE 
2 1 
= -Ag+??A7-%?!?&5++?%&3-&A 
= - --&(356A4 - 292A’ + 73)(256A4 - 164A’ + 9). 
The maximum eigenvalue is &JiiGK. Therefore w(S3) = 
0.8778169444. By choosing S = S + 3s’ we get a bigger lower bound for C 
(1.0118). 
It is known that w(S”+‘) < w(S”) if S is a 2 X 2 matrix of norm < 1. 
The question remains: If llSll f 1, is w(S3) < w(S2)? Also, can w(S4) < 
w(S3) fail on a space of dimension less than 9? 
The author is ve y grateful to Peter Rosenthal for introducing him to this 
problem and also for many comments and suggestions. The author also wants 
to thank Man-&en Choi for a useful discussion and the referee for helpful 
remarks and constructive criticism which allowed him to improve these notes. 
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